ASIAN JOURNAL OF MATHEMATICS AND APPLICATIONS 
Volume 2021, Article ID ama0577, 11 pages 

ISSN 2307-7743 

http://scienceasia.asia 


MAXIMUM MODULUS AND MAXIMUM TERM OF GENERALIZED 
ITERATION OF n ENTIRE FUNCTIONS 


DIBYENDU BANERJEE!* AND SIMUL SARKAR? 


1 Department of Mathematics, Visva-Bharati, Santiniketan-731235, India 
2 Shikarpur High School (H.S), Mathabhanga-736146, India 


“Correspondence: dibyendul192@rediffmail.com 


ABSTRACT. In this paper we consider the generalized iteration of n entire functions and 
compare maximum modulus and maximum term of generalized iterated entire functions 
with that of the n entire functions. 


1. INTRODUCTION AND DEFINITIONS 


For an entire function f(z) = X% onz”, let M(r, f) = maxj,j-,|f(z)| and u(r, f) = 
max, |@,,|r” are respectively called maximum modulus and maximum term of f(z) on |z| = r. 
In 1997, Lahiri and Banerjee [7] considered two entire functions f(z) and g(z) and formed 
the relative iterations of f(z) with respect to g(z) as follows. 
filz) = F(z) 
fo(z) = Flg(2)) = F(91(2)) 

f(z) = FOC) = Flgelz)) = FOE) 

fal) = FUEC) or 9(2))--)) 

according as n is odd or even 

and so are gp(z). 

With this definition of iteration, several researchers (see for example [2], [3], [4]) made close 
investigation on growth properties of maximum modulus and maximum term of iterated 
entire functions and achieved various results. 

After this in 2012, Banerjee and Mondal [1] introduced a more general type of iteration, 
called generalized iteration as follows. 

Let f and g be two nonconstant entire functions and a be any real number satisfying 
0<a<1. Then the generalized iteration of f with respect to g is defined as follows. 
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fig(z) = (1 -—a)z+af(z) 


fog(z) = (1 — a)gı (2) + of (91,¢(2)) 
fag(z) = (1 — @)go,¢(2) + a f (92,¢(2)) 





E =(1—@)on-apl2) + of (On-1.7(2)) 
and so are 

gi f(z) = (1 — a)z + ag(z) 

g2,f(2) = (1 — a) fiıg(2) + ag( fi (2)) 
93,f(2) = (1 — a) fog(z) + ag( fo g(2)) 





Gn,f (2) = (1 = a) fr—1,g(2) T ag(fn-1g(2)) 

Recently Banerjee and Sarkar [5] considered n entire functions fı(z), fo(z),..., fr(z) and de- 
fined the relative iteration of n entire functions as follows. 

F(z) = fil) 

Falz) = fal filz)) = falFilz)) 


Falz) = fn(fn—1(---(f2(fi(z))))) = falPn-1(2)), n 2 2. 

Now we introduce a more general type of iteration, called generalized iteration of n entire 
functions as follows. 

Let fi, fo,..., fn are n entire functions and a be any real number satisfying 0 < a < 1. Then 
we define 

Fi(z) = (1 — a)z + afı(2) 

Paz) = (1 — a) Fi(z) + afe(Fi(z)) 

F3(z) = (1 — a) Fo(z) + afs(F2(z)) 





F,(2) = (1— a) Fn- (2) + ofa(Fn-1(2)). 
Note 1.1. For a = 1, generalized iteration reduces to relative iteration of n entire functions. 
Following Sato [8], we write log\a = x, exp!"ax = x and for positive integer m, log’ x = 
log(log™ tx), exp! x = ezp(ezp™ tg). 


First we need the following definitions. 
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Definition 1.1. The order py and the lower order A+ of an entire function f are defined as 


log@IM(r, f) 
pr = lim sup —————— 
r30 logr 
[2] M 
and Salna eee 
r—=>oo0 logr 


Singh [9] proved the following relation between M (r, f) and u(r, f) as follows. 
For 0<r< R 





R 
u(r, f) S M(r, f) < pH, f). 
Then one can easily obtain 
log” u(r, f) 
pr = lim sup ————— 
r00 logr 
and 7 
pamu S O 
r—oo logr 


The main purpose of this paper is to compare the maximum modulus and maximum term 


of generalized iterated entire functions with that of the generating functions. 


2. KNOWN RESULTS 


During the proof of our main results we shall need the following lemmas. 


Lemma 2.1. /6/ Let f(z) and g(z) be entire functions with g(0) = 0. 


Let a satisfy 0 <a <1 and let C(a) = Cak Then for r > 0 


M(r, fog) > M(C(a)M(ar, g), f). 


Further if g(z) is any entire function, then with a = 1/2, for sufficiently large values of r 


M(r, fog) > MÈMČ, 9) — g0, f). 


8 2 
Clearly 
1 
(2.1) M(r, f © 9) = M(=M(;,9), f). 


On the other hand from the definition we have 


(2.2) M(r, fog) < M(M(r,9)), f). 
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Lemma 2.2. /9/ Let f(z) and g(z) be entire functions with g(0) = 0. 
Let a satisfy 0 <a < 1 and let C(a) = ce J" Also let 0< 8< 1. Then 


ur, fog) > EC 


And if g(z) is any entire function, then with a = 6 = 1/2, for sufficiently large values of r 


lr, Fog) > 5ulgu(,9) = IO), P) 
Clearly 
1 1 r 
(2.3) u(r, fog) 2 53eg gpI) P) 


Lemma 2.3. /9] Let f(z) and g(z) be any two entire functions. Then for every a > 1 and 
0<r<R, 








Clearly for a = 2 and R = 2r 


(2.4) ur, fog) < 2u(4u(2r, g), f). 


3. MAIN RESULTS 


In this section we present the main results of the paper. 


Theorem 3.1. Let fi, fo,..., fn are n entire functions having positive lower orders and of 
finite orders and suppose eME)? > M(r, Fa) holds for every y >0, 6>0. Then 


log?! M (r, Fy) 
zi li = 
By) r> log M (rA, fx) 


for every positive constant A and 1<k<n. 





Proof. Let us suppose that 0 < a < 1. Choose 0 < € < min{X(f;), i= 1 to n}. Now for 
all sufficiently large values of r, using (2.1) we get 


M(r, Fa) =a M(r, (1 = a) Ey + wf) 
> M(r, afn(Pr_-1)) — M(r, (1 — a) Fr-1) 
1 r 


16 57 Fn-1); fa) — (1 — a)M (r, Fn-1). 
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So for all sufficiently large values of r we get 


L MCE, Fama), fa) — log?! M(r, Fami) + O(2) 


log”! M (r, Fa) > log” M (= 


> (Alfa) — log M(E, Fy1)) — log”! M (r, Fy-1) + O(1) 
> (Alfa) — ogM (E, Fra) = 5(A fn) — eJlogM (E, Fra) + O(1) 


= 50a (fn) — log M (5, F,-1) + O(1) 
> 5a (fn) — ©)log PIM (S, F,r-1) + O(1) 
> ZOA) Se) ia) = clog" M (Z, Fn—2) + O(1). 


Repeating the process, after (n — 2) steps we get, 


log M (r, Fa) > sag Alfa) = (A fn—1) ~ ©)--(ACFs) — log? My, Fo) + 0(1) 








> AA) — (Aaa) = (Ufa) — )(ACf2) — log (r, Fi) +001) 

= et fn) = QA fa) = eA) — NlogM (zr: (1 a)z + aft) +O) 

> sect (Mn) = (A fa) — €)llogM (my, aft) — logM (sz, (1 — a)2)] + O(1) 

= AAR) — I AUfr-a) = (ACF) = Mog (sy, fa) — log (>, 2] + O(1) 





-IFO 





1 = AKG 
Bay 2 TAU) — IA faa) = e) A) = NG) a 





Now it is possible to choose r sufficiently large so that for every A > 0 


(3.3) log”! M (r^, fr) < (plf) +€) logr^. 
Now from (3.4) and (3.5) we get for sufficiently large values of r, 


log?! M (r, Fa) 7 wet Aln) — €)(ACfn—1) — -A — Ol — ț loga] + O(1) 
log?lM (r4, fr) A(p(fr) + €) logr 


> œ as r > wo. 











Therefore, 
log?) M (r, Fa) 


li = 
r>æ logPIM (r4, fy) 





So the result (3.1) is proved. 
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Theorem 3.2. Let fi, fo,..., fn are n non-constant entire functions of finite orders with 


p(fi) < p(fn). Then 





lim inf logt'M (r, Fn) 
roo logPlM (exp(re)), fa) 


Proof. We choose €, so that 0 < € < p(fn) — p(fi). 
Since p(fn) > p(f1) 2 0, so that fa must not be a polynomial. Hence 


(3.4) M(r, fn) >r 


for all large values of r. 


= 0. 


Now for all large values of r, using (2.2) and (3.4) we obtained that 
M(r, Fa) < 1 — a)M(r, Fa-1) + aM (r, fa(Pr-1)) 


< (1 = a)M(M(r, Fa-1), fa) + aM(M(r, Pai) fn) 
= M(M(r, Pada): 








Therefore, 
log@IM(r, Fn) < (p(fn) + €)logM (r, Fy-1). 
So, 
log?! M (r, Fa) < (p(fn—1) + €)logM (r, Fa-2) + O(1). 
Therefore, 
log! M (r, Fa) < (p(fn—2) + €)logM(r, F,-3) + O(1). 


After (n — 2) steps we get 


log”! M (r, Fa) < (p(f2) + €)logM (r, Fi) + O(1) 
= (p( f2) + e)logM (r, (1 — a)z + a fı) + O(1) 
< (olfa) + €)[logM(r, afi) + logM (r, (1 — a)z)] + O(1) 
= (p( f2) + €)[logM(r, fi) + logM(r, z)| + O(1) 
= (p( f2) + €)[logM (r, fi) + logr)] + O(1) 
< (p(fe) + €)[logM(r, fı) + logM(r, fi)] + O(1) 











= 2(p( f2) + e)logM (r, fı) + O(1) 
A e as OUT), 
On the other hand, for a sequence r = r, —> 00 
log?! M(r, fn) > (o(fn) — e)logr. 


Expressing R, = (log ra) POR it follows that 


log?! M (exp( RE”), fa) > (0(fn) — €) Rn? ™). 
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Thus for r = R,(= ro) 





logM(r, Fa) (ola) + rC + OC) 
log”! M (exp(reS")), fn) (olfa) — €)ren) 
Hence, 
lim inf log"! M(r, Fa) 





r> log@lM(exp(r°n)), fa) 
Theorem 3.3. Let fi, fo,..., fn are n nonconstant entire functions of finite orders with 
ACF > PAL <k <n) and fp) > 0 and suppose e(M!(2-¥»))” > M (r, Fa) holds for every 
y>0, d6>0. Then 


lim log”! M (r, Fn) 
roo log?! M (exp(reVe)), fp) 
Proof. We choose €, so that 0 < e < A( f1) — p( fk). From (3.2) we get for all r > ro 
log?IM (r, Fa) > 5 E E E 
On the other hand for all r > ro 





= ©. 





PD — log— | + O(1). 


Qn—-1 Qn— 1 


log?! M (r, fr) < (pfx) +€) log r 
ie., log?! M(exp(r), fi) < (pl fa) + €) r°. 
Thus for all sufficiently large r 


logð ME P) A) ~ 9A Fn-a) = 9A) ~ OaE logy] + OU) 
log?! M (exp(re(fs)), fp) (o( fr) + €) rele) 
— œ as r + œ. 








Hence 
log?! M (r, Fa) 


TE M (expre), fa) 
Theorem 3.4. Let fi, fo,..., fn are n nonconstant entire functions of positive lower orders 
and of finite orders and suppose eV EnD > u(r, Fa) holds for every y > 0, 6 > 0 and also 
for every positive integer n. Then 





= ©. 


log” u(r, Fa) 
8 Tog@utr’, fa) 


for every positive constant A and1<k <n. 


Proof. We choose € such that 0 < e < min{A(f;), i = 1 to n}. Now for all sufficiently 
large values of r, using (2.3) we get 


a(r, Fa) = Lr, (1 = OQ) FA F a fal Fa) 
(r, a fn(Fn-1)) — u(r, (1 — a) Fr—-1) 


aulae Fn), Ía) = (1 = a) u(r, Ba). 
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So for all sufficiently large values of r we get 
1 
log” u(r, Fn) > log” u(n Fn-1), fn) — log™ u(r, Fra) + O(1) 


> (A fa) — log ml, Fa-1)) — log? u(r, Fra) + OC) 


16 


> (Alfa) — log, Fra) = (Afr) — Mogul, Fa) + O(2) 
= (Un) — logu, Fra) + O(1) 

> SAn) — olog"la(E, Pa-1) + O0) 

> Aa) = JAn) = ogul, Fa-2) + OC). 


Repeating the process, after (n — 2) steps we get 





log”lu(r, Fu) > = a Afa) — )(AFn1) — ACF) — logy ug Fe) +001) 


> Aa) = (Mina) = 9A) ~ QA) ~ Dogal F) + O() 


= HAG) — \AGFn-1) - 9-A) ~ loon ey, (1 - a)z + afi) +00) 


> Aa) — (Afr) = AC) ~ log goa afi) — ogul, (1 - @)2)] + 00) 


= Sat Alfa) = Alfa) = (fa) - loge r ft) = logal gq. 2] + O0) 























1 IZ ee — E 
aa Z FOU) = 9A) = 9A = OM Ga 


Now it is possible to choose r sufficiently large so that for every A > 0 


(3.6) log?lu(r4, fs) < (p(fe) + €) logr^. 
Now from (3.5) and (3.6) we get for sufficiently large values of r, 


log”! u(r, Fy) LF set (A( fn) — (Alfa) — €) A2) — (per WY — logger] + OC) 
loglu(rA, fr) A(p( fk) + €) logr 
— œ QS r —> oo. 








Hence, 
log” u(r, Fa) 


roo Logan’, fa) — 


This proves the theorem. 
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Theorem 3.5. Let fi, fo,..., fn are n non-constant entire functions of finite orders with 


p(fi) < p(fn). Then 


imin 
ree logPlu(exp(rein)), fn) 
Proof. We choose €, so that 0 < € < p(fn) — p(t). 
Since p(fn) > e(f1) 2 0, so that fa must not be a polynomial. Hence 


(3.7) r < u(r, fr) < 2ulr, fa) 
for all large values of r. 
Now for all large values of r, using (2.4) and (3.7) we obtained that 





= 0. 


ur, Fa) < (1 — @) u(r, Fa=1) + au(r, fn(Fr-1)) 
< (1 — a)4u(2r, Fr-1) + apr, fr(Pn-1)) 
< (1 — a)2u(4u(2r, Fr-1), fr) + 02 (4u(2r, Fr-1), fr) 
= 2u(4u(2r, Fn-1), fn). 


Therefore, 
log”! u(r, Fa) < (e(fn) + )logu(2r, Fa-1) + O(1). 
So, 
log”! u(r, Fa) < (p(fn—1) + €)logu(2?r, Fa-2) + O(1). 
Therefore, 








log u(r, Fa) < (P(n-2) + logu(2°r, Fa-3) + O(1). 
After (n — 2) steps we get 





log™ u(r, Fa) < (p(f2) + e)logu(2" tr, Fi) + O(1) 
= (p(f2) + e)logu(2”“r, (1 — a)z +a fı) + O(1) 
< (o(fe) + €)[logu(2"“r, a fı) + logu(2"~*r, (1 — a)z)] + O(1) 
(o(fa) + €)[logu(2"~'r, fr) + logu(2”~*r, z)] + O(1) 
= (p(f2) + e) [logu(2" r, f1) + log2"~*r)] + O(1) 
< (o(fe) + €)[logu(2"r, fi) + logu(2"~"r, fi) + OW) 








= 2(p( f2) + e)logu(2"™*r, fı) + O(1) 
STROO TAREE, 
On the other hand, for a sequence r = rn —> 00 
log™lu(r, fa) < (e(fn) — e)logr. 
Expressing Rn = (log ra) it follows that 
log” u(esp( RA), fn) > (Pn) — ©) Rn. 
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Thus for r = R,(= ro) 





log u(r, Fa) (ol fa) + ArNe + O(1) 
log” u(exp(re®)), fn) (o(fn) — €)rel) 
Hence, 
log F, 
A AERE A iy 





T— oo log” u(exp(re(fr)), fa) 


Theorem 3.6. Let fi, fo,..., fn are entire functions of finite orders with A( f1) > pfo < 
k < n) and (fr) > 0 and suppose eVuG En)? > u(r, Fa) holds for every y > 0, 6 > 0 and 
also for every positive integer n. Then 





: log!" u(r, Fn) 
lim 
roo log'2lu(exp(re(fe)), fr) 
Proof. We choose €, so that 0 < e < A( fi) — p( fr). From (3.5) we get for all r > ro 


toglu(r, Fa) > Aa) = Ora) = 0A) = 


On the other hand for all r > rọ 


= O0. 


r 


pUe — log 





NE ]+0(1). 


log? u(r, fe) < (o(fr) + €) log r 
E S E a r°™. 
Thus for all sufficiently large r 








log?lu(r, Fa) ger An) = IAG) = Ufa) = Allg = log ga] +00) 
log@ly(exp(re)), fi) (ol Fi) + €) r) 
> oasr>w. 


Hence, 
[2] 
r= log?) u(exp(rP(fe)), fr) 
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